Abstract. We present a short theoretical overview of semi-analytical and numerical models of eddy current interactions with flaws in plates and tubes which use volume and boundary integral methods. In the approach taken, dyadic kernels dedicated to a particular geometry are derived based on a decomposition of the field into transverse electric (TE) and transverse magnetic (TM) component express using scalar potentials. Naturally, the method of moments is used to obtain the numerical approximation of the probe measurements. Here we provide a simple method for dealing with the key step of evaluating the singular element required in the numerical approximation of an integral kernel by a matrix operator. Numerical predictions for the rotary probe impedance variation due to a longitudinal notch in a tube have been computed and are compared with experiment showing good agreement.
INTRODUCTION
In order to refine inspection methods though an insight into the eddy current probe responses due to flaws, a number of efficient computational models have been developed for basic canonical geometries particularly for planar and cylindrical structures via the volume and boundary element method [1, 2] . Although limited to a particular geometry, the advantage of such models is that their computational cost is low and their accuracy relatively easy to control.
According to the volume equivalence theorem [3] , flaws behave in effect as electric and magnetic dipole distributions that depends on the total field in the flaw region. Dyadic Green's kernels encapsulate the fields due to individual electric current and magnetic dipoles. Therefore when an integral operator with such a kernel dedicated to the a particular part geometry acts on a volume-equivalent dipole distribution it produces a flaw-field appropriate to the part geometry. This means that the interface conditions at the surface of the part are satisfied automatically by a solution to the governing equation. Typically analytical solutions can only be found for special cases and therefore it is expedient to seek numerical approximations of the source densities and hence the probe signals. Because the kernel embodies the interface conditions of the part geometry, only the flaw region is rendered in discrete form and this region is usually very small. Consequently only a few unknowns are needed to compute the source density via the moment method which results in very fast calculations. At present, the disadvantage of the approach is that the it can only be used for canonical structures that are relatively simple to handle analytically. Although it may be possible in the future to create kernels for an arbitrary part geometry.
A dyadic Green's kernel, G(r, r ′ ), for an elementary structure can be obtained from scalar kernels related to TE and TM potentials. Since this dyadic kernel embodies the required interface conditions and ensures that the solution vanishes at infinity, the field within the flaw that is used to determine the probe impedance variation, can be found in principle via the solution of an electric field integral equation (EFIE). In practice we usually resort to numerical approximations which can deal with an arbitrary flaw. For the case of non-ferromagnetic materials, the integral equation can be written
where E(r) is the total electric field, E (i) (r) is the electric field induced in the conductor in the absence of a flaw and the integral represents the flaw field. In the flaw region V f the conductivity σ(r) departs from that of an otherwise homogeneous host conductivity σ h . The permeability of the material in this case is µ 0 .
The moment method approximates numerically the integral equations by a matrix equation formed by representing the field in the flaw using volume elements which fill the flaw region or boundary elements which combine to enclose it. The integral and its kernel is replaced by a matrix acting on a column vector to determine the flaw field due.
The matrix is a discrete representation of the dipole field for all possible required source locations within the flaw. Evaluating the field in the region occupied the singularity of the kernel is a key step in the analysis yet not all authors reveal their approach. Although the topic has been treated in the literature [4, 5] the record of the open literature has not exhausted the subject. In this article we provide a simple analytical expression to use in controlling the accuracy of terms on the diagonal of the matrix. 
F0RMULATION Field Equations for a flawed Conductor
The flaw region V f in the host material has finite support and we suppose that within it there is a variation in the permeability µ(r) and conductivity σ(r). Based on volume equivalence theorem [3] , the flaw field is represented as emanating from electric current dipole and magnetic dipole sources:
and
where σ h is the host conductivity and µ h is its permeability. Consequently, the total field can be separated into two parts; namely the incident field due to external sources and the scattered field caused by the flaws whose sources are P and/or M. Based on the conventions of electromagnetic wave scattering theory, we write
representing the total field in each case as the sum of the incident and scattered field. The time-harmonic fields, varying at an angular frequency ω as the real part of exp(ıωt) satisfy the Faraday's and, in the quasi-static limit, Ampere's law:
from which the vector Helmholtz equations can be derived and expressed as
where k 2 = ıωµ h σ h . In the surrounding air, k is zero in the quasi-static limit and a current source is assumed to be present inducing current in the conductor, possibly enhanced by the a ferrite core whose magnetization needs to be calculated. Here however, we shall not dwell on the nature of the probe field problem but instead consider the problem of finding the perturbed field due to a flaw in the conductor using a dyadic kernel determined using scalar potentials.
Scalar decomposition
A scalar representation reduces the problem of finding the fields to one of deriving two independent scalar potentials defined with respect to a preferred direction. Rather than finding the flaw field in terms of scalar potentials we shall limit the role of the scalar representation to one of finding the dyadic kernels in the vector field formulation of the problem, equation (1) .
In the case of planar structures, the preferred direction is that of the normal to any number of parallel planar surfaces. In the case of a circularly cylindrical structure, it is the direction of the common axis of any number of cylindrical layers, designated as the z-direction. In either case, the electric field transverse to the axial direction is written
where the subscript t refers to transverse components. This implicitly defines the scalar potentials independently by relating them to the transverse curl and the transverse divergence of the transverse electric field. The electric dipole term appended to the above expression will ensure the representation is valid in the source region. By writing
and adding the term to (7), one can express the electric field as
which ensures that ∇ · E = ∇ · P/σ h , as required by (5) . Similarly one can construct a representation of the magnetic field in the presence of magnetic sources:
In the next stage of the derivation we relate the scalar potentials to the electric and magnetic sources. This is a much simpler operation if we consider the potentials that result from one source at a time and then add the results in keeping with the fact that we are dealing with a linear system. For the case where P = 0, substitution of (9) into (5) gives
and operating with a z · ∇× then a z · gives respectively
A similar procedure can be carried out for an electric source to give a result which when combined with that of the result due to a magnetic source distribution shows that the time harmonic TE and TM potentials satisfy
This binary system of equations is use to define a set of of scalar Green's functions and thereby provide route leading to a formal solution for the TE and TM potentials. However, rather that evaluating the potentials, we use the scalar Green's function to derive dyadic kernels for hyper-singular integral equations governing the vector fields with the goal of finding numerically approximation of the source densities.
Dyadic Kernel Derivation
Cylindrical systems can be somewhat more complicated than planar structures due to the fact that transverse electric (TE) and transverse magnetic (TM) modes are coupled at cylindrical interfaces. This means the TE mode incident on such an interface is partially reflected/transmitted as both a TE and TM mode. Similarly with the TM mode. Mode coupling also occurs at planar interfaces, in particular for anisotropic materials but with the preferred direction normal to the interface plane between dissimilar uniform isotropic regions, there is no interface coupling. The differences in interface mode couple apart, the construction of dyadic Green's kernels is similar for both cylindrical and planar structures as developed in this section.
In order to construct the required dyadic kernels, taking account of interface mode coupling, we use a set of scalar Green's functions satisfying (
whose interface properties match those of the the TE and TM potentials. The subscripts of G i j denote the modal character of the field and the source respectively. Scalar sources are defined below but here they are simply point sources. Again the TE term is denoted by subscript 1 and a TM term by subscript 2. The off-diagonal terms account for the coupling between TE and TM modes due to the interface boundary conditions. By defining
where the unbounded domain singular Green's function is
we separate the unbounded domain singular term from the regular parts due to reflections. Thus
where we refer to U 0 = ∇ −2 t G 0 as the integrated unbounded domain kernel and U i j represents the corresponding point source potentials due to interface reflections. Now using the principle of superposition and the fact that the the TE and TM potentials can be represented by an integral operator of the point source potentials acting on the corresponding scalar sources we write
From equation (1) and (2), the electric field integral equation (EFIE) can be expressed by using dyadic Green's function G(r, r ′ )
By substituting (18) into (9), carrying out integration by parts which transfers source (primed) derivative from sources to integrated kernels and moving the field derivatives of the potentials, Eq. (9) into the integral over V f , we obtain an expression in the form of (19) from which the dyadic kernel can be identified. As with the scalar kernels, the dyadic kernel can be decomposed into singular and regular terms as follows:
where, after further transformation [6, 7] G 0 (r, r ′ ) =
One also acknowledges that hyper-singular form of (21) implies that an exclusion volume is needed which removes part of the region V f from the domain of integration. This volume can be infinitesimal [8] or finite [4] . The latter is usually needed for dealing with numerical approximations to form a matrix. Having introduce an exclusion volume, a term must be added to (19) for compensation. Have given the form of the reflection kernel in (22), we need to define the terms U i j .
Scalar Kernels for an Infinite Tube
Based on separation of variables and 2D Fourier transform [9] , the scalar kernels for cylindrical systems due to point source can be generally expressed as
where the Fourier domain G i j satisfies
with the definition γ = √ υ 2 − k 2 . The Fourier domain scalar kernel due to point source in the tube can be expressed as the sum of three contributions, indicated by the numbered arrows in Fig 2. These component are firstly the singular term that is used for an unbounded domain, secondly a term representing reflection by the inner surface of the tube and the thirdly a term representing reflection by the outer interface of the tube [10] :
where I m and K m are the order m modified Bessel functions, ρ < = min(ρ, ρ ′ ), ρ > = max(ρ, ρ ′ ) and I is the 2×2 unit matrix. The terms representing migration from the inner surface of the tube at ρ = a and outer surfaces at ρ = b can be Source σ = σ h related to the terms representing migration toward the respective surface pre-multiplied by a 2 × 2 reflection matrix as follows:
From which we get
where
are field reflection coefficients. Superscripts i, j ∈ {1, 2, 3} represents the region inside, within and outside the tube respectively. Expressions for the reflection coefficients are deduced from interface continuity conditions as in the case of a bore-hole [2] .
Flaw Theory and Crack Model
For general volume element scheme applied to a material with the permeability of free space, all three components of P(r) should be calculated together in order to get accurate solution [1] . However, for a parallel sided narrow crack, the component normal to the crack surface dominates and the transverse components can be neglected. This reduces the number of unknowns by a factor of three with a substantial reduction in the computational cost and achieves a reasonable accuracy. The P(r) can be approximated as
wheren is the normal vector at the face of the crack. By defining
the EFIE can be simplified to give
The kernel for the electric field integral equation now simply a one component of the tensor Green's function, which reduces the computation complexity significantly.
Narrow Longitudinal Crack Kernel
For a ideal longitudinal crack, the normal vector isn =φ. Then G nn becomes G ϕϕ (r, r ′ ) =φ · G(r, r ′ ) ·φ. G nn can also be expressed as the sum of unbounded part and reflection part, which accounts for the boundary conditions.
the corresponding Fourier domain regular part can be written as,
The Fourier transforms of the integrated scalar Green's functions for reflected fields can be found for a tube from (25) (28) and (28). Then from (15) one finds the Fourier transforms of the integrated kernels can deduced from U = − G/γ 2 .
Numerical Calculation
We use the method of moment to obtain the matrix equation with a pulse-basis and point-matching scheme. It is simple to apply and gives adequate results with an overall error of around 2%. The matrix equation to be solved can be expressed as
[A] is a matrix, [P i ] is determined by incident electric field in the flawless material. Once the [P] has been calculated, the impedance of the excitation coil due to the flaw, ∆Z, can be determined from the relationship [1]
where it is assumed that the elements are of equal volume ∆v and the coil current is I 0 . The coil impedance change is ∆Z, and ℓ is the element index. The number of elements is N.
Singular Term Calculation
In the matrix element evaluation, we will get involved with the following integral as Eq. 39. The G 0 is hypersingular. One remedy to the singularity is to separate the integral region into regular part and singular part [4] . Then the analytical solution for singular part integral is applied. However the analytical expression is only given for the sphere exclusion, which is not convenient for integral calculation in the rest part of element volume. Here the analytical expression for cuboid exclusion region without approximation will be given.
Here V G is integral region of one specific volume element, r M is the test point inside one specific element, V ε is exclusion region, r M is the point matching node, which is at the center of element cell. k is the wave number. A is the regular term shown as follow
I is the singular term shown as follow
In order to simplify the derivation, the I could be expressed as follow
wherex i with i = 1, 2, 3 correspond tox,ŷ, a z for rectangular system andρ,φ, a z for cylindrical system. we can find I is a dyadic, which can be expressed as matrix. However, only 4 of them are different [11] . 
I 0 is weak-singular and the integral can be readily obtained by numerical methods or analytically solved by using power series expansion. However, B i j and C i j are usually hyper-singular due to the derivatives. it can be overcome by the following analytical expression [5] [12]
Model and Experimental Data Comparison
In order to validate the model prediction results, a controlled experiments has been carried out on an inconel tube at 200 kHz with a longitudinal through wall notch. The probe and tube parameters are shown in the Table. 1  and Table 2 . The lift-off value was determined by parameter fitting to multi-frequency coil impedance data rather than direct measurement. Once the impedance data of probe in the tube without flaw and in the tube with flaw is obtained. The impedance change due to the flaw can be gotten by taking the difference between two sets of data. The coil impedance measurements are made with an Agilent 4294A impedance analyzer with the aid of four axis precision scanner. The measurement included corrections for capacitance effects in the coil which is necessary for measurements at relatively high frequency. The flaw divided into 60 elements in the axial direction and 6 elements in the radial direction. The results, as can be seen from Figure 3 , show good agreement with experiment. 
Conclusion
We are presented a brief summary of a general approach to modeling eddy current interactions with flaws using integral equations with hyper-singular kernels. In doing so we have indicated how the approach can be used to deal with flaws in ferromagnetic materials as well as conductors whose permeability is that of free space. The use of a hyper-singular kernel is likely to lead to errors in the numerical schemes typically adopted that make used of the moment method. In addition the calculations can be carried out by avoiding the classical kernel [13, 14] . However, we do not usually look for high accuracy in NDE applications and hence the approach seems to provide an adequate level of precision in this context.
